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Fig. 5 Effect of tripping the boundary layer on reduced pressure
distribution. Data taken from Dziomba.4

The trends shown in Fig. 4 are qualitatively similar to the
effect of either tripping the boundary layer on the front face
before it separates,4 or increasing the freestream turbulence
level.1'3 Tripping of the boundary layer was reported4 to re-
duce the reattachment length by up to 40%, and the base
pressure coefficient by 15%. The shortening of the bubble was
attributed to an effective change in the separation angle due to
the formation of a small recirculation bubble between the trip
wires and the sharp leading edge of the plate.

To elucidate this point, the pressure distributions reported
in Ref. 4 (measured at UBC using the same base model) were
replotted in terms of reduced coordinates for the basic undis-
turbed flow and two tripped flows using different diameter
wires. The results in Fig. 5 show that the collapse, though
reasonable, is not as good as that obtained in Fig. 3 with the
various leading-edge angles. In particular CP^ increases from
about 0.4 to 0.43 when the boundary layer is tripped, and the
pressure recovery process starts earlier resulting in a shift of
the data towards the left. This, together with the proportion-
ally higher decrease in CPb noticed earlier, indicates that the
effect of the trip wire may be partly due to an effective change
in the separation angle, but it is not confined to this mecha-
nism. Additional factors to be considered are possible changes
in the state of the separating boundary layer and in the initial
growth rate of the separated shear layer.
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Prandtl-Meyer Function
for Dense Gases

M. S. Cramer* and A. B. Crickenbergert
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Blacksburg, Virginia 24061

I. Introduction

T HE Prandtl-Meyer function plays a central role in the
analysis of many steady isentropic flows. The restriction

to perfect gases, i.e., those satisfying

p = pRT with c v = const (1)

where p, p, R9 T, and cv are the thermodynamic pressure,
fluid density, gas constant, absolute temperature, and the spe-
cific heat at constant volume, respectively, permits the deriva-
tion of explicit formulas for the Prandtl-Meyer function.
However, many applications require consideration of dense
gas effects. Examples include many industrial and chemical
processing systems, power systems, typically those based on
the Rankine cycle, and some wind-tunnel designs. The latter
take advantage of the large decrease in kinematic viscosity,
due both to choice of working fluid and operation at higher
pressure, to increase the Reynolds number for a given Mach
number.

An important dense gas effect exhibited by many fluids is a
decrease in the sound speed during isentropic compression. A
nondimensional parameter measuring the variation of sound
speed along an isentrope is

a dp

where

(2)

(3)

is the thermodynamic sound speed and s is the fluid entropy.
The thermodynamic quantity f has been termed the fun-
damental derivative of gasdynamics by Thompson,1 who dem-
onstrated its significance in virtually all areas of gasdynamics.
It is easily verified that

(4)
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Fig. 1 Computed Mach number variation along isentropes (stag-
nation properties are given in Table 1).

Table 1 Stagnation states corresponding to
isentropes of Figs. 1 and 2 (subscripts o and c

denote stagnation and critical states, respectively)

Fluid
Sulfur hexafluoride
Freon-134a
Toluene
Pyridine
Chlorobenzene
FC-75

V /V 7
0.67
0.67
0.67
0.70
0.67
0.70

O/Tc

.20

.23

.07

.05

.08

.05

Po/Pc
4.97
5.73
2.01
1.66
2.13
2.00

and the condition of isentropic flow

s - const (6)

Here, h = h(p,s) is the fluid enthalpy and Mis the Mach num-
ber. A definition of the Prandtl-Meyer function that is valid at
all densities is

dp
(7)

where the subscript r refers to some reference state. The inte-
grand in Eq. (7) can be cast as a pure function of density
through use of Eqs. (5) and (6) supplemented with the equation
of state. A result similar to'Eq. (7) may be found in most
standard references on gasdynamics, see, e.g., Thompson4 or
Anderson.5 If Eqs. (5-7) are combined with the perfect gas
model (1), the well-known results for v(M,y) are obtained. In
the dense gas regime, Eq. (1) no longer gives an accurate
representation of the fluid behavior and more complex equa-
tions of state will be necessary. In such cases, Eq. (7) must be
integrated numerically. For this reason, Eqs. (5-7) will be cast
as the following system of ordinary differential equations:

if the gas is perfect, from which we recover the well-known
conclusion of the perfect gas theory that the sound speed in-
creases with density and pressure along an isentrope. Here, y
is the ratio of specific heats. However, most fluids, including
water vapor, have f < 1 in the dense gas regime, thus resulting
in a decrease in sound speed during isentropic compression.
For example, normal octane (C8Hi8) has a minimum value of
f approximately equal to 0.4 on its critical isotherm.

Cramer2 and Cramer and Best3 have demonstrated that the
Mach number may have local extrema in the course of an
isentropic expansion. This, of course, is in marked contrast
with the behavior of perfect gases in which the Mach number
decreases monotonically with increasing density or pressure in
an isentropic flow. These local extrema and the region of
increasing Mach number are illustrated in Fig. 1; the details of
these computations are described in the following sections.
The purpose of the present study is to demonstrate that these
mechanisms also result in nonclassical behavior of the Prandtl-
Meyer function. In particular, we show that the Prandtl-Meyer
functions of fluids that have f < 1 in some region of their
thermodynamic space may be multivalued functions of the
Mach number M. We recall that this contrasts with the behav-
ior of perfect gases in which the Prandtl-Meyer function in-
creases monotonically with Mach number.

II. Formulation
We restrict our attention to flows that are classical in the

sense that they are single phase and in equilibrium. In the usual
way, these flows are taken to be isentropic and steady. As a
result the fluid motion is governed by the Bernoulli equation

, a2M2

h + ——— = const (5)

_
dV ~

dM

VM2

= M
dV ~ ~* V

dT
dV

Tpr
Cv

where ! is the specific* volume,

(8)

(9)

(10)

(H)

(12)

Equation (8) is recognized as the differential form of the basic
definition (7). Equation (9) was derived by combining the defi-
nitions (2) and (3) with the thejrmodynamic identity

dh
dp

and the differential of Eqs. (5) and (6). A result similar to
Eq. (9) has also been employed; by Thompson,1 Cramer,2 and
Cramer and Best.3 Equation (10) ensures that the isentropic
condition is satisfied. The differential system (8-12) is solvable
once the thermodynamic functions

f = f(F,r), pT = cv = (13)

are determined by the gas model. The initial conditions will be
taken to be

= (), Af = 1, at K = (14)
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where the asterisks refer to sonic conditions. The integrations
were carried out through use of a standard sixth-order Runge-
Kutta scheme.

In practice, we found it convenient to first choose a stagna-
tion state (T0,V0). Equations (9-12) were then employed to
ascertain T^ and V.^ Thus, in Sec. IV, each case is identified
by its stagnation state.

As discussed by Cramer2 and Cramer and Best,3 the nonclas-
sical behavior is expected when J > 0. When this is the case, the
Mach number decreases with V and therefore increases with p
or p. Inspection of Eqs. (7) or (8) reveals that v decreases with
p. Thus, v will decrease with M if J > 0._We further note that
the condition />0 is only possible if f < l over a range of
pressures and temperatures. From Eq. (4), it is clear that this
condition cannot be satisfied by perfect gases. In fact, it may
be shown that

<0

if the gas is perfect. A simple numerical example of the non-
classical behavior is an isentropic flow that attains the con-
dition f = 0.6 at some point in the flow. If the Mach number
is specified to be >(2.5)1/2«1.58, then 7>0 there and J<0
if 1 <M< 1.58 there. More general arguments have been pro-
vided by Cramer2 and Cramer and Best,3 who showed that
a / > 0 region can always be attained if the fluid admits a
region of f < l and the stagnation pressure is taken to be
sufficiently large.

III. Fluids and Gas Models
The fluids chosen to illustrate the nonclassical behavior of v

are sulfur hexafluoride (SF6), Freon-134a (C2H2F4), toluene
(C7H8), pyridine (C5H5N), chlorobenzene (C6H5C1), and per-
fluoro-2-butyltetrahydrofuran (CgF^O). The latter will be re-
ferred to by its trade name FC-75. The last four fluids are
already in widespread use as working fluids for organic
Rankine cycles, see, e.g. the report by Miller6 or the more

1.5

1.0

0.0

////^Chlorobenzene
// V Freon-I34a

Toluene

2.5

Table 2 Computed Prandtl-Meyer
function, Mach number, and density
variation for simple expansive flow

along the isentropes of Figs. 1 and 2
(fluid is pyridine)

0, deg M P/Pc

0
-5

-10
-15
-20
-25

0.364
0.452
0.539
0.626
0.713
0.801 ;

.45

.42

.40

.41

.43

.47

0.492
0.414
0.347
0.245
0.291
0.206

recent reviews by Curran7 and Manco and Nervegna.8 Sulfur
hexafluoride was chosen for its potential in wind-tunnel appli-
cations, see, e.g., Anderson.9 Freon-134a belongs to the new
class of chlorine-free Freons and is also under consideration
for wind-tunnel work.10 One advantage/of the fluids consid-
ered here is that their properties are well documented. The
critical properties, boiling temperature, and ideal gas specific
heat for sulfur hexafluoride, toluene, pyridine, and chloro-
benzene were all obtained from Reid etal.11 Data for Freon-
134a were obtained directly from the manufacturer's (DuPont
Co.) literature, and data for FC-75 were taken from Yarring-
ton and Kay.12

A complete gas model is obtained by specifying the equation
of state, typically of the form/7 =p(V,T), and the temperature
dependence of the ideal gas specific heat defined by

= CVOO(T) i limcv(F,r)
K-oo

(15)

Fig. 2 Computed Prandtl-Meyer functions along the isentropes of
Fig. 1 (the units for the Prandtl-Meyer functions are radians).

The equation of state employed for all but one of the fluids
described here is the highly accurate model developed by
Martin and Hou.13 Because of its analytical basis, the Martin-
Hou equation requires only a minimum number of physical
parameters characterizing theppecific substance. These are the
critical pressure, temperature, and specific volume and the
boiling temperature. Comparisons with the extensive thermo-
dynamic data of Yarrington and Kay12 indicate that the results
for FC-75 are in error by no more than 3%, with 1 -2% being
typical in the temperature and pressure ranges of interest here.
Similar results were found for water, and we expect the errors
for the remaining fluids are of the same order of magnitude.
The literature for Freon-134a distributed by the manufacturer
employs the well-known Redlich-Kwong equation of state;
we have also employed this equation for this fluid. A discus-
sion of the Redlich-Kwong equation may be found in any
standard reference on thermodynamics, see, e.g., Van Wylen
and Sonntag.14 The main difference between our pressure esti-
mates and those of the manufacturer appear to be due to
slight differences in the input parameters; these differences
appear to be no more than l#b over all temperatures and
pressures considered.

To simplify the computations, the ideal gas specific heat
[Eq. (15)] was approximated as a power law, i.e., cvooaTn.
This simplification yields very accurate results over the limited
temperature range used here. For example, we consider
chlorobenzene and note that the difference between the power
law estimate and that given by the cubic of Reid et al.11 is no
more than 2% over a range of 500-700 K.

The quantities cv(F,r) and F(V,T) required in Eqs. (8-10)
may be derived by standard thermodynamic manipulations.
Explicit expressions may be found in Thompson and Lam-
brakis15 or Cramer.16

In order to check that the flows considered remained in the
single-phase regime, the saturated vapor line was estimated
through use of RiedePs17 vapor pressure equation. Tests em-
ploying the known data for water, Freon-134a, and FC-75
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show that estimates based on RiedePs approximation differ
from the accepted or published data by only 1-2% in the flow
regimes of interest.

All results shown were found to be in the single-phase
regime. It turns out that the main difficulties with respect to
violation of the single-phase assumption were in the calcu-
lations involving Freon-134a and SF6. Both fluids are similar
to water in that they are wetting, i.e., isentropic expansion of
vapors having T<TC results in condensation. A detailed exam-
ination of the numerical results shows that the intersection of
the isentropes with the saturated vapor lines occurs at lower
densities than those considered here. The remaining fluids,
chlorobenzene, toluene, FC-75, and pyridine, are all ret-
rograde or drying fluids, see, e.g., Cur ran7 or Manco and
Nervegna,8 in that the thermodynamic state moves away from
the saturation curve under isentropic expansion. In such flu-
ids, condensation of a vapor typically requires isentropic com-
pression rather than expansion. Thus, isentropes originally in
the single-phase region tended to remain there in the calcula-
tions involving the latter fluids.

IV. Results
The results of the straightforward numerical integration of

Eqs. (8-10) are displayed in Figs. 1 and 2. The stagnation
properties of each isentrope are listed in Table 1. The region of
increasing Mach number with p is clearly evident in Fig. 1. As
discussed in Sec. II, the Prandtl-Meyer functions decrease with
increasing M for this range of Mach numbers. In order to
further illustrate the anti-intuitive nature of these results, we
consider an expansive flow of pyridine. The stagnation proper-
ties of the flow will be identical to those of Figs. 1 and 2 and
indicated in Table 1 . The undisturbed flow will be taken to be
horizontal and uniform at a density of 0.492pc and a Mach
number of 1.45. This state is just to the left of the local max-
imum in M in Fig. 1 and just above the local maximum in M
in Fig. 2. Because this is a simple wave region, the Mach
number can be related to the flow deflection angle by the usual
characteristic relation

where M<* is the Mach number of the undisturbed flow and 6
is measured counterclockwise from the undisturbed flow direc-
tion. From Fig. 2, it is clear that Mis a single- valued function
of v. The Prandtl-Meyer function, Mach number, and den-
sity for a selection of flow deflection angles corresponding to
expansive flows have been computed and are displayed in
Table 2. Here we may think of the expansion as being caused
by a sharp expansive corner; this, of course, results in a
Prandtl-Meyer expansion fan. Then each case in Table 2 corre-
sponds to a different corner angle. On the other hand, we may
also regard this series as different stages of a gradual expan-
sion. Although this is a textbook flow in its simplicity, the
decrease in sound speed leads to a decrease, rather than the
increase of the perfect gas theory, in Mach number during the
expansion. It should be noted that this turning of the flow does
in fact expand the flow, i.e., p, and, therefore, p decreases
with decreasing 6 as in the case of perfect gases. For the cases
shown, the local minimum in M has been attained at M « 1 .4.
The Mach number then increases and exceeds the original
Mach number for |0| >23 deg.

V. Summary
The preceding has given a brief description of the nonclassi-

cal behavior of the Prandtl-Meyer funciton to be expected in
the dense gas regime. The Prandtl-Meyer function is seen to
decrease, rather than increase, with Mach number at densities,
temperatures, and Mach numbers such that J, as defined in
Eq. (12), is positive. The results of the present study indicate

the J>0 condition is easily attainable for fluids commonly
encountered in applications.

It is useful to note that these.effects are expected to occur
only at pressures and temperatures corresponding to the dense
gas regime. At lower pressures and densities, the gas behavior
is accurately predicted by Eq. (1) and. the well-known results
for v are recovered. Furthermore, as the molecular weight and
complexity of the fluid increases, the fundamental derivative
decreases and the aforementioned effects appear to become
more pronounced. Thus, one expects the nonclassical behavior
to be characteristic of heavier hydrocarbons and fluorocar-
bons rather than lighter substances such as helium or molec-
ular nitrogen.

The importance of the effect described here is obvious
when considering computations involving the method of
characteristics. However, the example provided in the last sec-
tion demonstrates that the nonclassical behavior must also be
considered in other computaional or experimental studies.
Without a recognition of this effect, a computed or measured
decrease in the Mach number in an expansive flow or, for that
matter, an increase in the Mach number in an isentropic com-
pression may be misinterpreted as due to error in the experi-
mental method, numerical scheme, or the equation of state.
The work presented here shows that these nonclassical effects
are due to the natural dynamics of fluids having a nonmono-
tone sound speed variation.
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